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Multiplicative structure of Adams SS

Definition

M,N,P are R-modules, C∗,D∗ are projective resolution of M,N. For
[α] ∈ Exts,tR (M,N), [β] ∈ Extu,vR (N,P), we can represent them by

Cs → ΣtN,Du → ΣvP. Then we can define [β][α] ∈ Exts+u,t+v
R (M,P) by

Σtβ ◦ α : Cs+u → Σt+vP. It can be represent by the following diagram:

Figure: multi. diagram
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Multiplicative structure of Adams SS

Theorem

This multiplicative satisfy:

dr (αβ) = dr (α)β + (−1)s+uαdr (β)

The multiplicative structure on Er+1 is induced by that on Er

The multiplicative structure on E∞ corresponds to the multiplicative
structure on π∗(X ) (need X is a ring spectrum)

Proof

Ref to Section 2.3 of Green Book
(Basic idea: Consider the product of two (minimal) resolution.
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Calculation of E2 page

To calculate the E2 page of (classical) Adams SS, We have the following
methods:

Minimal resolution.

May SS

Lambda algebra
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Minimal resolution

Steps of calculating minimal resolution: Additive structure

. . . . . . → B2 → B1 → B0 = A2 → Z2 (1)

Find kernel of A2 → Z2:αk = Sq2
k−1

Generate B1 by αi freely (as A2mod)

Find ker(B1 → B0): the generator of ”relation”
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Minimal resolution

Figure: Table of generators & relations
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Minimal resolution

Figure: ker(B1 → B0), low deg part

Then, repeat the similar process to get B3.
Note: We don’t need to write αk into Sq2

k−1
since they consist the base of

B1. When we study ker(B2 → B1), we don’t need the information of B0.
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Minimal resolution

We can write these steps as pseudocode:

Figure: Pseudocode
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Minimal resolution

Steps of calculating minimal resolution: Multi. structure:
Follow the definition of multi. structure, we get a diagram:

Figure: multi. diagram
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Minimal resolution

Figure: Table of multi. α1(h0)
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Minimal resolution

Figure: E2 page of Adams SS, 0 ≤ t − s ≤ 24
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Minimal resolution

What’s more, we can define Steenrod operation

Sqi : Exts,tA (H∗(X ),Z)→ Exts+i ,2t
A (H∗(X ),Z) (2)

on E2 page. It can be defined as follow:

Figure: Definition of Steenrod operation on Ext
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Minimal resolution

if X is a H∞ ring spectrum. Then there is a relation between differential
and Steenrod operation:

Figure: Relation between Steenrod operation and differential
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Basic information

Prop

Exts,tA (H∗(X ),Z) ∼= Exts+i ,2t
A∗

(Z,H∗(X )) (3)

Prop

A∗ = P(ξi , ξ2, . . . ) where |ξn| = 2n − 1, and the coproduct on A∗ is given
by

∆ξn =
∑

0≤i≤n
ξ2

i

n−i ⊗ ξi (4)
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Basic information

To calculate this Ext, we can construct cobar complex as the A∗ injective
comodule resolution:

Figure: Definition of cobar complex, and its relation to Adams SS
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May SS

Definition

For p=2,
E 0A∗ = E (ξi ,j : i > 0, j ≥ 0) (5)

with coproduct
∆ξi ,j =0≤k≤i ξi−k,j+k ⊗ ξk,j (6)

where ξ0,j = 1 and ξi ,j is the projection of ξ2
j

i

Theorem

For p=2, Ext∗∗∗E0A∗
(Z2,Z2) is the cohomology of the complex

V ∗∗∗ = P(hi ,j : i > 0, j ≥ 0) (7)

with di ,j =
∑

0<k<i hk,jhi−k,j+k , where hi ,j ∈ V 1,2j (2i−1),i corresponds to
ξi ,j ∈ A∗
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May SS

Theorem

There is a spectral sequence converging to

Ext∗∗A∗(Z2,Z2) (8)

with V ∗∗∗ = E ∗∗∗1 and dr : E s,t,u
r → E s+1,t,u+1−r

r

Pf: Green book
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May SS

Figure: E2 page of May SS
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lambda algebra

Figure: Def. of lambda algebra
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Davis Mahowald SS

Figure: Davis Mahowald SS
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Calculating the differential

Target=0

dr ◦ dr = 0

dr (xy) = dr (x)y + xdr (y)

Hurewicz map(e.g. S → tmf )

Steenrod operation
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Calculating the differential

Figure: E2 page of tmf
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The End
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